In this paper we discuss the Bhabha and Compton scattering for the quantum electrodynamics defined in the framework of very special relativity (VSR). The main aspect of the VSR setting is that it admits different types of interactions appearing in a nonlocal form due to the modified gauge invariance. We explore the richness of these new couplings in the evaluation of the differential cross-section for these tree-level processes. We assess the behavior of the leading VSR Lorentz violation modifications by considering some special limits for the Bhabha and Compton crosssection expressions.
Introduction
In the description of nature our experimentally verified theories, such as the Standard Model (SM) of particles and General Relativity, are fundamentally understood in terms of gauge invariance and spacetime symmetries. Due to its importance in the formulation of the given field theories, the validity of these exact symmetries have been scrutinized by a number of precision tests [1] [2] [3] . In one hand, any deviation from these symmetries is expected to signal manifestations of physics beyond the Standard Model, that are hoped to be revealed in high-energy experiments. On the other hand, physical phenomena that are not adequately explained by the known theories, e.g., neutrino masses, matter-antimatter asymmetry, quantum gravity, etc. [4] , can be suitably described by the addition of new degrees of freedom (d.o.f.), that ultimately are governed by a new symmetry principle.
In recent years we have seen a great amount of interest in field theories formulated in a Lorentz violating framework [1] . In particular, the most interesting proposals are those that preserve the basic elements of special relativity, because they are in agreement with well understood physics, but additionally these modified models allow the description of new and unexplored phenomena. Within this context, a framework satisfying the above criteria is the Cohen and Glashow very special relativity (VSR) [5, 6] . The main aspect in the VSR proposal is that the laws of physics are invariant under the subgroups of the Poincaré group preserving the basic elements of special relativity. In the VSR framework we found a phenomenologically rich scenario because it presents a modified gauge symmetry, admitting a variety of new gauge invariant interactions. Many interesting theoretical and phenomenological aspects of VSR effects have been extensively discussed [7] [8] [9] [10] [11] [12] [13] .
In relation to the kinematics of the VSR framework, there are two subgroups satisfying the prior requirements, namely, the HOM(2) (with three parameters) and the SIM(2) (with four parameters). The former is the so-called Homothety group, generated by T 1 = K x + J y , T 2 = K y − J x , and K z ( J and K are the generators of rotations and boosts, respectively). The latter, called the similitude group SIM (2) , is the HOM(2) group added by the J z generator. Moreover, the symmetry groups SIM(2) and HOM (2) have the property of preserving the direction of a lightlike four-vector n µ by scaling, transforming as n → e ϕ n under boosts in the z-direction. This feature implies that theories invariant under one of these two subgroups have a preferred direction in the Minkowski spacetime, where Lorentz violating terms can be constructed as ratios of contractions of the vector n µ with other kinematic vectors [5] .
On the dynamical side of the VSR framework, we can make use of the last comment on how to write Lorentz violating but VSR invariant terms, to construct VSR covariant field theories. As an illustration, one can simply write down a SIM(2) VSR-covariant Dirac equation in the form iγ
where the wiggle derivative operator is defined by∂
First we see that the Lorentz violation appears in a nonlocal form, 1 the parameter m sets the scale for the VSR effects and the preferred null direction is chosen as n µ = (1, 0, 0, 1).
We can highlight an import feature of the VSR framework in field theories that is the addition of a gauge invariant massive mode, by presenting the SIM(2) VSR Maxwell equations∂ µ F µν = 0, where the field strength is defined in terms of the wiggled derivative asF µν =∂ µ A ν −∂ ν A µ [14] . These equations can be written in the VSR Lorenz conditioñ
showing that each component of the gauge field satisfies a massive Klein-Gordon equation. This discussion is based in the fact that the Abelian gauge field have a VSR modified transformation law δA µ =∂ µ Λ. In this case the extended VSR gauge symmetry provides a suitable framework to describe massive modes without changing the number of physical polarization states of the photon [14, 15] . It is worth noting that massive modes of photons and their stability are a recurrent subject of analysis in recent literature [16, 17] . Among the most interesting works analyzing the phenomenological aspects of VSR effects, we can refer to the scattering of fermions by an external field and bremsstrahlung in the quantum electrodynamics (QED) [12] , one-loop corrections of QED [11] , pion and kaon decay [10] , and the electroweak theory [7, 8] . However, since we have the presence of VSR nonlocal terms implying massive modes and new gauge invariant couplings, there are still further scattering processes involving electrons, such as Bhabha, Møller and Compton, that could be investigated in this Lorentz violating framework in order to highlight the behavior of the VSR effects. In this sense, we believe that the present analysis will complement the study of phenomenological aspects of QED within the framework of VSR. Recently, many works have discussed electron scattering processes in order to elucidade the physical aspects of different Lorentz violating scenarios [18] [19] [20] [21] [22] [23] [24] [25] . Hence, the main purpose of the present work is the discussion and evaluation of the cross section for the Bhabha and Compton scattering processes defined in the VSR quantum electrodynamics.
In this paper, we examine the Lorentz violating VSR effects in the quantum electrodynamics in the framework of the Bhabha and Compton scattering. In Sec. 2 we establish the main aspects related to the SIM(2) VSR gauge invariance, presenting the dynamics and completeness relations for the fermion and gauge fields, necessary for the evaluation of the Feynman amplitudes in the VSR electrodynamics. We compute in detail the VSR leading modifications of the cross section for the Bhabha and Compton scattering in Sec. 3. In order to highlight the VSR effects we evaluate the Bhabha cross section in the high-energy limit. Moreover, since the Compton energy shift, coming from energy-momentum conservation, is modified in the VSR framework, we have to revise and present a new expression for the differential cross section consistent with VSR. The profile of the VSR modifications in the Compton scattering is discussed in the limit of low-energy and high-energy photons, where corrections are found for the Thomson cross section and Klein-Nishina formula. In Sec.4 we summarize the results, and present our final remarks.
Gauge fields in VSR
We start by considering a Lagrangian density for the gauge and SIM(2) VSR-invariant QED written as
where we have chosen the VSR modified Lorenz condition Ω [A] =∂ µ A µ = 0 and the field strength is defined in terms of the wiggled derivative asF µν =∂ µ A ν −∂ ν A µ . The VSR invariance expressed in terms of the wiggle derivative∂ µ = ∂ µ + 1 2 m 2 n.∂ n µ imposes a change in the gauge structure for the QED, in this sense the minimal coupling among the fermion and photon fields is determined by a new gauge invariant covariant derivative ∇ µ . This new operator can be determined by making use of the SIM(2) gauge transformation δA µ =∂ µ Λ and imposing the known transformation law δ (∇ µ ψ) = iΛ (∇ µ ψ) valid for any charged field ψ. Under these conditions one can determine that the expression
satisfies the required properties and we have used the ordinary covariant derivative D µ = ∂ µ − ieA µ . Moreover, this definition reduces to the wiggle derivative∂ µ in the noninteracting case. Some important remarks about the expression (4) are in place. The nonlocal character of term 1/ (n.D) in (4) implies the presence of an infinite number of interactions (in the coupling e). The Feynman rules for these interactions can be obtained within the Wilson lines approach, which express the respective terms in a suitable form with N = 1, 2, 3, ... legs of photon fields [7] , making the perturbative analysis workable. In addition to the rule for the cubic ψψA vertex used in the computation of the Bhabha and Compton scattering processes, we must consider an additional Feynman rule for the Compton process in the VSR setting, the quartic ψψAA vertex, with two photon external legs. This nonlocal quartic vertex in the VSR electrodynamics is similar to the presence of the seagull diagram for the Compton scattering in the scalar QED.
The 1PI vertex function ψ(p 1 )ψ(p 2 )A(p 3 ) can be obtained from the Lagrangian density (3), resulting in [7] 
whereas the vertex function for the ψ(
Observe that the VSR contribution to these vertices has a nonlocal form. Moreover, the free field solutions are
and the fermion dispersion relation E p = p 2 + µ 2 , with the fermion mass
, and
and the photon dispersion relation
With these expressions we can evaluate the propagator for the fermionic field
and also the propagator for the gauge field
in the Feynman gauge α = 1, observe that the gauge propagator have a massive polẽ
In this case, we see that besides giving massive modes for the fields, VSR appears as nonlocal contributions in the vertices (5) and (6), and propagator (9) . In particular, the photon propagate massive modes in a gauge invariant framework without changing its number of physical d.o.f. [13, 14] .
More importantly, in order to evaluate the Feynman amplitude for the Bhabha and Compton scattering processes, we must establish the energy projection operators in the fermion sector, that are defined as
so that the completeness relation are written , so that we see the presence of a nonlocal factor in the Π ± energy operators. For the gauge sector, the completeness relation reads λ ε * ν (λ)ε µ (λ) = −η νµ + gauge terms. Although it is not of our interest, an explicit expression for the polarization vector ε µ (λ) can be obtained by imposing the wiggled Lorenz conditionk ν ε ν = 0, or alternatively from the complementary conditions n.ε = 0 and k.ε = 0.
VSR tree-level scattering processes
Scattering of standard model particles are important scenarios where deviations from standard physics can be widely explored, providing a ground and rich framework for testing many theoretical proposals in QFT. Furthermore, Bhabha scattering, e − + e + → e − + e + , and Compton scattering, e − + γ → e − + γ, are the most fundamental reactions in QED processes, so that its precision data have been used to obtain bounds in the context of Lorentz violating models [18, [20] [21] [22] [23] .
Bhabha scattering
We start by considering the Bhabha scattering e − + e + → e − + e + , we have two possible processes: the t-channel or direct process, and the s-channel or annihilation process, these are depicted in Fig. 1 . We shall consider the standard description for our system: the spin and momenta for the incoming u r i (p 1 ) and outgoing u r f (p 2 ) electrons are (r i , p 1 ) and (r f , p 2 ), respectively, while the spin and momenta for the incoming v s i (q 1 ) and outgoing v s f (q 2 ) positrons are (s i , q 1 ) and (s f , q 2 ), respectively.
The tree-level amplitude corresponds to the sum of the above contributions
where the amplitude corresponding to the t-channel reads (15) whereas the amplitude for the s-channel is
with the normalization factor defined as
Since we are interested in computing the differential cross-section for the Bhabha scattering, we shall now compute |iM| 2 by averaging over the spin of the incoming particles and summing over the spin of the outgoing particles, thus
The sum over spins can be evaluated as usual with help of the completeness relations (12) and (13), which yields
the remaining two terms can be determined by the substitution (q 1 ↔ −p 2 ) in these two expressions. In order to highlight the effects from VSR, we shall consider the behavior of the scattering process in the high energy limit, that corresponds to take m 2 e = 0 in our calculations. In this case, we proceed to the evaluation of the γ matrices traces using the standard techniques, and we find that the squared Feynman amplitude reads
where we have defined the following quantities as the direct term
and the exchange term
and finally the interference term
− 8m 4 ΘΞ (n.q 1 ) (n.q 2 ) (n.p 2 ) (n.p 1 ) − 8m 4 ΘΞ (n.q 1 ) (n.q 2 ) (n.p 2 ) (n.p 1 ) (24) and by simplicity we have introduced the notation
Now to cast the expression (21) in a suitable form for evaluation, we consider the kinematic variables in the center-of-mass (CM) frame, so that we have
It follows from the energy conservation that | p| = | q|, and we also introduce θ as the center-of-mass scattering angle, i.e. ( p. q) = p 2 cos θ. Finally, we can proceed to the computation of the differential cross-section (in natural units) that in the CM frame is given by
Hence, using the result (21) in terms of the CM variables we can express the cross-section as the following
where we have introduced the parameter χ = m E , which controls perturbatively the VSR effects. Finally, in order to illustrate the corrections due to the VSR non-local effects, we express the differential cross section up to χ 2 order, resulting into dσ dΩ cm = α 
where we identify the first term as the usual QED contribution to the Bhabha scattering, while the second term is solely due to VSR. It is worth noticing that this VSR correction term have a similar structure as the QED one, since it have the same energy behavior as 1/E 2 , and depends only on the scattering angle θ. In addition to the result found to the Bhabha process (29), we could use crossing symmetry arguments to also obtain the VSR modified differential cross section to the Møller process, that consist in the electron-electron scattering e − + e − → e − + e − . To conclude the discussion of this section, it worth recall that the study of Bhabha scattering is still relevant mainly because it is the process employed in determining the luminosity L at e + e − colliders [26] . In particular, there are two kinematical regions of interest for the luminosity measurements: one is known as the small-angle Bhabha (SABh) process, which is found at scattering angles below 6
• , and is mainly dominated by the t-channel (direct); the other is the large angle Bhabha (LABh) process, which is found at scattering angles above 6
• , and receives important contributions from various s-channel (annihilation). We can assess the VSR correction to Bhabha scattering using the formula
Hence, we can calculate the leading effects of the VSR approach in the SABh process, by expanding Eq. (29) for small angles θ ≪ 1, and find that the correction is
where we have introduced by convenience the usual Mandelstan variable s = (p 1 + q 1 ) 2 or in the CM frame √ s = 2E is the center-of-mass energy.
Furthermore, for the LABh process, we see from (29) that the VSR correction increases as the angle increases, taking its maximum value at θ = 90
• . Hence, in this case we have that
These expressions for the VSR deviations δ vsr can be discussed in high-precision luminosity measurements. As illustration, either the SABh process the energy corresponding to the Z resonance, at √ s = 91 GeV [27] , or the LABh regime, at √ s = 10 GeV [28] , give the same roughly estimate value for the VSR parameter as m ≤ 10 9 eV. Actually, this bound is not significant if we associate the value of m for intance with the photon mass m γ ≤ 10 −18 eV [29] . In this sense, although the nonlocal effects from VSR give a wealth departure from the usual QED behavior in the description of the Bhabha scattering, its experimental data does not set strong bounds upon the VSR parameter.
Compton scattering
Another important process in QED is the Compton scattering e − + γ → e − + γ, and have been used as probe to study departures from Lorentz symmetry. The usual expression for the differential cross section can not be used since the kinematics is modified, i.e. the Compton energy shift (energy-momentum conservation) is modified by VSR effects, and we shall approach this with further detail. We start by analyzing the kinematics of the Compton process. It is worth to evaluate this in the laboratory frame where the electron is at rest initially, p 1 = E p , 0 . Assuming that p 1 + k 1 → p 2 + k 2 , we see that the energy-momentum conservation p 2 2 = µ 2 for the outgoing electron yields
where we have used that
. We can solve the above expression for ω ′ k , so that
where we have introduced the following parameters
Notice that κ = m/m e controls the VSR modifications in the expression (34). In particular, observe that in the limit κ 2 → 0 equation (34) reproduces the known Compton relation ω
As previously mentioned, in order to the compute the cross section associated with the Compton scattering, it is necessary to consider the energy shift relation (34) rather than equation (36). To illustrate the main aspects involving the VSR modification into the differential cross section, we shall consider the main definition
which after some manipulations is written as
Now in order to solve the integral over the outgoing photon energy ω ′ k we must take into account the energy-momentum conservation (33) that is present in the argument of the δ-function in (38). This integration can be evaluated with help of the identity
with the identification of f (ω ′ k ) with the equation (33) for the energy-momentum conservation. Hence, after applying the above identity and some manipulation, we find the following expression for the VSR modified differential cross section for the Compton scattering dσ dΩ
observe that in the limit κ 2 → 0 this expression reduces to dσ dΩ
reproducing the known QED result, where ω ′ k is given by (36). With help of the Feynman rules for the vertex function and propagators we can proceed and compute the amplitude related to the graphs Fig. 2 , which results into
where we have defined by simplicity the quantity
It is easy to see that the "seagull" term iM c in the expression (43) vanishes identically under the VSR gauge condition (n.ε = 0 and k.ε = 0), showing that the quartic vertex (6) do not contribute to the Compton scattering. Hence, we have that
Since we are interested in evaluate the cross-section for the Compton scattering for unpolarized photons, in this case we shall compute |iM| 2 by taking an average over the initial spin and polarization and sum over the final spin and polarization,
where completeness relations for the fermion (12) and for the gauge field were used. After some algebraic simplification we can compute the trace of the γ-matrices. We can also make use of the scattering kinematics variables and cast the expression (45) 
Remember that the expression (40) for the differential cross-section was computed in the laboratory frame, hence a necessary last step before its evaluation is to express equation (46) in terms of the laboratory frame variables. In this case we have that p 1 = µ, 0 , and using the definitionp µ = p µ − , we find that
where we have considered the approximations: (n.k 1 ) ≈ ω k and (n.k 2 ) ≈ ω ′ k , and also used the set of parameters defined in (35) by the simplicity of notation. Now that we have fully determined the squared Feynman amplitude in terms of the laboratory variables (47), we can proceed to the evaluation of the cross-section by means of the integration σ = sin θdθdϕ dσ dΩ ′ k . Let us now consider some particular cases, where the integration can be easily solved.
1. For the case of small photons energies ξ ≪ 1, we can determine the leading VSR contributions in κ 2 to the total cross section as the following
where
is the known classical Thomson cross section and α = e 2 /4π is the fine-structure constant, while the VSR correction reads
One can observe that the main difference, besides the presence of the minus sign, which signals a reduction of the value of the cross section, is that the VSR contribution has terms that depend on the incoming photon energy ξ = ω k /m e .
2. For the case of high photons energies ξ ≫ 1, we obtain that the leading VSR correction to the total cross section is
Notice that although the VSR contribution have different energy dependence from the usual QED term, it respects the point of view that the VSR expansion is seen as a correction and decreases the value of the total cross-section. As a last remark, it is important to observe that the obtained VSR departures from the QED results come from nonlocal contributions present in the propagators and vertex function, the main interesting aspects of these effects are the departure of the usual expression and the novel energy dependence seen in Eqs. (49) and (50).
Final remarks
In this paper we presented a study on the Bhabha and Compton scattering processes of the quantum electrodynamics in the VSR Lorentz violating framework. Our main interest in the paper was to establish the leading behavior of the VSR effects into the differential cross section to the given processes. For that purpose we first revised the main aspects regarding the VSR quantum electrodynamics, by establishing the respective Feynman rules, free field solutions, energy projection operators and the completeness relations for the fermion and gauge fields. It is worth to emphasize that the VSR modified gauge invariance is important not only to the presenve of new couplings, but it also allows the photon to propagate massive modes in a gauge invariant framework without changing its number of physical d.o.f. [13, 14] , i.e. the VSR massive photon have two polarization states, not presenting a third and longitudinal state as in the Proca's massive electrodynamics.
We started by investigating the VSR effects into the cross section of the Bhabha scattering. The definition for the differential cross section in the VSR framework holds as usual, so our main work was to evaluate the corresponding Feynman amplitude for the two contributions. In order to evaluate the cross-section we expressed the kinematic variables in the CM frame, where the calculation and physical significance becomes clearer. After proceeding with a detailed computation, It is worth to remark that the VSR effects have the same energy profile 1/E 2 of the QED, and depends mainly on the scattering angle θ, showing therefore that the VSR modification is minimal into the cross section. In conclusion, we presented a discussion on the leading VSR modifications in the differential cross-section in the case of the small-angle and large-angle Bhabha processes.
In the discussion of the Compton process in the VSR framework caution is needed in the computation of the cross section, mainly because VSR modifies the process kinematics. Hence, in order to have a differential cross section consistent with the VSR effects we started from the very definition in terms of the final state variables (37), and after some manipulations with the consideration of the VSR energy-momentum conservation, we found a VSR modified cross-section (40) (defined in the laboratory frame). After some laborious algebraic evaluation of the Feynman amplitude of the Compton scattering for the case of unpolarized photons, we managed to obtain the VSR Compton differential crosssection and proceeded to the discussion of some particular cases in order to highlight the behavior of the leading VSR effects: i) We first considered the limit of low-energy photons, ξ = ω k /m e ≪ 1, where we could establish the VSR correction to the classical Thomson cross section; ii) in the case of high-energetic photons, ξ ≫ 1, we found a constant VSR correction to the logarithm energy dependence.
We believe that with this study we have completed a series of previous works related with the VSR modifications of the most important aspects of QED: scattering by an external field and bremsstrahlung [12] , one-loop corrections of QED [11] , and the electroweak theory [7, 8] . Certainly further studies involving phenomenological interesting scenarios, for instance neutrino physics, are necessary in order to elucidate the physical aspects of VSR field theories.
